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a b s t r a c t
The case fatality and illness rates associated with L. monocytogenes continue to pose a serious public 
health burden despite the significant efforts and control protocol administered by private and public sec­
tors. Due to the advance in surveillance and improvement in detection methodology, the knowledge of 
sources, transmission routes, growth potential in food process units and storage, effect of pH and temper­
ature are well understood. However, the with-in host growth and transmission mechanisms of L. mono­
cytogenes  , particularly within the human host, remain unclear, largely due to the limited access to scien­
tific experimentation on the human population. In order to provide insight towards the human immune 
response to the infection caused by L. monocytogenes, we develop a with-in host mathematical model. 
The model explains, in terms of biological parameters, the states of asymptomatic infection, mild infec­
tion and systemic infection leading to listeriosis. The activation and proliferation of T-cells are found to 
be critical for the susceptibility of the infection. Utilizing stability analysis and numerical simulation, the 
ranges of the critical parameters relative to infection states are established. Bifurcation analysis shows the 
impact of the differences of these parameters on the dynamics of the model. Finally, we present model 
applications in regards to predicting the risk potential of listeriosis relative to the susceptible human 
population.
1. Introduction
L. monocytogenes has played a key role in immuno-logical re­
search and public health over the nine decades since its discov­
ery by Murray, Webb, and Swann in 1924 (Vazquez-boland et al., 
2001). Because of recent outbreaks and potential case fatality rate, 
the gram positive bacterium continues to be a concern for public 
health and the economy (Buchanan et al., 2017; CDC, 2018; Farber 
et al., 1996; Foodnet, 2017; PHAC, 2018; Pouillot et al., 2016). With 
20-30% casualty rate and 92-99% hospitalization rate, L. monocy­
togenes stands among the top deadly food pathogens (Buchanan 
et al., 2017; CDC, 2018; Mead et al., 1999). Pregnant women, el­
derly people and immuno-compromised individuals (e.g. infected 
with chronic diseases) constitute more than 90% of those suscepti­
ble to L. monocytogenes infections (CDC, 2018). Understanding the 
key infection mechanisms of L. monocytogenes is necessary for pri­
oritizing prevention methodologies and reducing the infection bur­
den.
Much has been discovered of the molecular mechanisms of 
L. monocytogenes including how this pathogen moves cell-to-cell, 
survives and proliferates with-in the cells, and escapes the de­
struction inside phagosomes (Artis, 2008; Cossart, 2011; Vάzquez- 
boland et al., 2001). Having the virulence factor, hemolysin gene, 
L. monocytogenes is a model bacteria, illuminating the molecular 
mechanisms of intracellular parasitism. In addition, L. monocyto­
genes studies have provided fundamental understanding of the cel­
lular immune response: the role of activated macrophages for cell- 
mediated immunity and the elimination of intracellular pathogens 
(Artis, 2008; Vάzquez-boland et al., 2001).
On the larger scale, potential impact of outbreaks have also 
been studied using microbial risk assessment tools (Buchanan 
et al., 2017; Falk et al., 2016). Substantial research has been ded­
icated to elucidate dose-response relationships and to identify a 
safe contamination dose for L. monocytogenes (Buchanan et al., 
2017; FAO/WHO, 2004; Farber et al., 1996; Haas et al., 1999; Pouil- 
lot et al., 2016). Taking a slightly different perspective, Rahman 
et al. recently proposed a mathematical model to describe the in­
fection pathway (from ingestion to colonization of the small in­
testine) in guinea pigs. This is the first study to quantitatively 
link L. monocytogenes dose-response outcomes to the pathogen­
host interaction in the gastro-intestinal path of the infected host 
(Rahman et al., 2016). These studies together with feeding trials 
(Farber et al., 1996; Roulo et al., 2014; Smith et al., 2008) provide 
tools to estimate the risk associated with contaminated food prod­
ucts on public health (Buchanan et al., 2017; Farber et al., 1996; 
Pouillot et al., 2016).
Molecular research in conjunction with outbreak findings por­
tray the gravity of Listeriosis. In particular, the quantification of the 
pathogen growth under a potentially wide range of varying condi­
tions relative to susceptible hosts is vital for identifying the risk of 
infection. Understanding the with-in host growth mechanism and 
the pathogen-host interaction would be helpful to reduce the in­
fection burden. The growth kinetics of L. monocytogenes have been 
extensively studied in multiple media with control environments 
(Blanco-Lizarazo et al., 2016; Schvartzman et al., 2014). However, 
the with-in host growth and host-pathogen interactions that trans­
late the success or failure of human infection are not yet clearly 
understood. Due to the limits associated to direct scientific exper­
imentation on the human population, studies mostly focus on an­
imal exposure. Many fundamental questions associated with risk 
factors thus remain open with great uncertainty. For instance, does 
the L. monocytogenes start growing right away after ingestion? Are 
there any delays involved in bacterial replication? What are the 
key defense elements of the host and how can one quantify their 
relative effectiveness against infection? When and how fast is the 
adaptive immune system activated in response to infection? What 
are the variations or distributions of immune potentiality across 
the population? Given the importance of these questions in regard 
to accurately quantifying infection risk and the limitations of hu­
man experimentation, we propose that mathematical modeling can 
play key role in addressing such issues.
In particular, we develop a mathematical model of with-in host 
dynamics of L. monocytogenes describing the host-pathogen inter­
actions. We define the infection as a function of growth and kill 
factors and highlight the parameter region for which L. monocy­
togenes can pose severe infection, be wiped out or remain in the 
host for a long period without causing infections. The rest of this 
paper is organized as follows: Section 2 develops the dynamical 
model demonstrating the host-pathogen interaction; Section 3 de­
scribes the basic analysis of the model; Section 4 deals with stabil­
ity analysis and finds the thresholds for different infection scenar­
ios; Section 5 illustrates the possible outcomes of the model and 
demonstrate the sensitivity and significance of the key parameters. 
Finally, Section 6 discusses the outcomes, outlines the applications 
of the model and identifies the caveats and possible developments 
of the model.
2. Model: systemic infection
Listeria monocytogenes upon consumption travels from the 
mouth to the stomach of the host. The stomach is very acidic and 
hostile for any organism. However, if large number of L. mono­
cytogenes is ingested a small portion of them could survive in 
the stomach and move to the small intestine. The small intes­
tine enriched with nutrition and a low acid level is relatively a 
less stressful environment for a pathogen (Rahman et al., 2016). 
The bacteria can replicate and establish a niche in the small in­
testine. The bacteria further move and cross the intestinal wall 
through the tip of the villi (Ribet and Cossart, 2015) and dis­
seminate into liver, spleen, etc through the blood and lymphatic 
systems. The bacteria can grow both in the small intestine as 
well as in key organs (e.g. spleen) after crossing the intestinal 
wall. For simplicity, we consider the state and dynamics of the 
L. monocytogenes in the small intestine and in the lamina pro­
pria. The dynamics of the bacteria in the other organs/sites would 
be similar to that of the lamina propria. The infection or dis­
ease outcomes with regards to L. monocytogenes can be translated 
from the dynamics of the bacteria at these two sites. The dy­
namics of L. monocytogenes in the stomach is well described in 
Rahman et al. (2016). Here we consider the dynamics of the bacte­
ria that survive the stomach and reach the small intestine.
The growth of the pathogenic bacteria is inhibited by the com­
mensal bacteria in the small intestine (Artis, 2008; Stecher and 
Hardt, 2011). The bacteria are killed or trapped by the innate im­
mune cells, e.g. dendritic cells and macrophages, and by the in­
testinal molecules as detailed in Rahman et al. (2016). If infection 
persists the adaptive immune cell, particularly, T-cell proliferates 
and eliminates the pathogens (Pamer, 2004; Seaman et al., 2000). 
The dynamics of L. monocytogenes in the small intestine and the 
justification of the mathematical forms are well established in a 
previous study (Rahman et al., 2016). This study assumed that: (1) 
The growth of the bacteria is limited by commensals and the in­
testinal environment, that is, the bacteria cannot grow beyond the 
carrying capacity ( K CFU) of the small intestine and follows the 
logistic growth; (2) In the small intestine, L. monocytogenes can re­
produce and may be killed by immune cells and other molecules 
(e.g. bile). The authors further assume that the population of im­
mune cells and other molecules that kill L. monocytogenes collec­
tively remain constant. Following scientific experiments and epi­
demiological evidences, in this study, we further assume that (3) 
The T-cell is responsible for eliminating the pathogen from the 
host and takes the major role in eliminating the bacteria followed 
by the mass action principle (Hethcote, 2000); (4) The T-cell re­
mains active in the presence of bacteria, proliferates at the rate of 
q per hour per bacterium and die at a rate of μ per hour. (5) L. 
monocytogenes disseminates to the lamina propria from the small 
intestine at the rate of m. Following these assumptions, the within- 
host dynamics can be described by the following system of differ­
ential equations:
(2.1)
The variables and parameters of the model (2.1) are described in
Table 1.
3. Model analysis
Model (2.1) has two states of L. monocytogenes and one im­
mune component of the infected host. Our primary goal is to in­
vestigate under what situations one or both states of the pathogen 
could survive and cause infection. The strength of the immune re­
sponse is important to prevent infection. Understanding the long 
term behaviour of the model solution would provide the key in­
formation of the model parameters for the persistence of infec­
tion. By elementary arguments, we can show that the solutions 
of the model (2.1) fall in a biologically plausible region using the 
text of Smith and Waltman (1995). In order to find the long term 
behaviour of the model, we find the equilibria of the model and 
analyse the stability of these equilibria.
The model (2.1) has five equilibria, namely E0 — (0 , 0 , 0), Ep — 
( 0 · Kp · 0 ) · EPT = ^0 · μ · eTp (1 — q^p )p· EIP = ( — · — · 0) and 
E* = (*· *· *). The first three equilibria are explicitly defined. 
The conditions of the existence of EIP and E* are described below.
Table 1
Description of variables and parameters of model (2.1).
Parameter Description
Li (t ) 












L. monocytogenes population in intestine
L. monocytogenes population in lamina propria
L. monocytogenes specific T-cell
growth rate of L. monocytogenes in the small intestine
growth rate of L. monocytogenes in the lamina propria
carrying capacity of L. monocytogenes in the small intestine
carrying capacity of L. monocytogenes in the lamina propria
killing rate of L. monocytogenes in the small intestine by intestinal molecule/cell
killing rate of L. monocytogenes by T-cell
saturating constant
dissemination rate of L. monocytogenes from the small intestine
proliferation rate of T-cell
death rate of T-cell
3.1. Existence of EIP






respectively. It shows from (3.3) that for each positive Li there is a 
unique positive Lp . Combining (3.2) and (3.3), we have the follow­
ing Theorem regarding the existence of EIP.
Theorem 3.1.
1. If c + m < ri, then there is a unique EIP.
2. If c + m > ri, then
(a) if ri + amKi < ariKiI then there exists two EIP, and
(b) if ri + amKi > ari Ki , then EIP does not exist.
3.2. Existence of E*
At the equilibrium E* = (*, *, *), we have the following equa­
tions:
From the 3rd equation of (3.4), we have
Replacing Lp from the 1st and 2nd equations of (3.4), we obtain
Fig. 1. Schematic illustration to show when we should expect the existence of E* . 
Model (2.1) could have none, one or two equilibria subject to the intersections of 




The positive equilibrium E* exists if the curves associated with 
(3.6) and (3.7) intersect for Li e [0, μ] as depicted in Fig. 1. It 
shows that we can expect at most two co-existence equilibria, E* . 
Further exploration of the existence of E* is given in Section 5.3.
With this complete classification about the existence of equilib­
ria of the model (2.1), we can determine the stability conditions of 
these equilibria.
4. Local stability
We can gain insight about the long term behaviour of the 
model solution by analysing the stability of the equilibria. In or­
der to determine the stability, we linearize model (2.1) and evalu­
ate the eigenvalues of the linearized system. The Jacobian of model 
(2.1) is given by
In the following, we evaluate the Jacobian at the equilibria of 
model (2.1) and determine their stability.
(3.4)
(3.5)
4.1. Stability of E 0
Evaluating J at E0, we get
The eigenvalues of J(E0) are given by ri — m — c, rp and — μ. Since 
one of the eigenvalues of J(E 0), rp , is positive, the equilibrium E 0 is 
unstable. This gives us the following result.
Theorem 4.1. The trivial equilibrium E0 is always unstable.
4.2. Stability of EP
Evaluating J at Ep we obtain
The eigenvalues of J(EP) are given by -rp, qKp - μ and ri - m - C. 
The stability of J( EP ) depends on the signs of these eigenvalues as 
described in the following Theorem.
Theorem 4.2. The equilibrium EP is locally stable if qKp < μ and ri < 
m + C. Otherwise, it is unstable.
We note that if EP is stable (i.e. qKp - μ < 0) then EpT does not 
exist. That is these two equilibria could not be stable simultane­
ously.
4.3. Stability of EPT
The Jacobian at EPT is given by
Clearly, one of the eigenvalues of J(EpT) is λ 1 = ri - C - m - rp (1 - 
μ), the other two are found to be negative by testing the deter­
minant and trace of the right lower block of J(EpT). Thus the stabil­
ity of EpT solely depends on λ 1 and we have following result.
Theorem 4.3. The equilibrium EpT is locally stable if
Otherwise, it is unstable.
4.4. Stability of EIP





where Li and Lp are given by Eq. (3.1) . Also, we have used 
Eq. (3.1) in simplifying λ1, λ2 and λ3. Note that q is independent 
of Li and Lp components of EIP. Thus λ3 can be made negative for 
a small q so that q (Li + L p ) < μ. Moreover, when α is zero then λ1 
becomes negative. In the later case, EIP is unique (Theorem 3.1).
Theorem 4.4. If a < CrK and Lp + Lp < μ , the equilibrium EIP is sta­
ble.
4.5. Stability of E*
Now we determine the stability of E*. Evaluating J at E*, we 
obtain
The characteristic polynomial of JpE*) is given by
(4.4)









At the equilibrium E», 0 < i.: , Lp < μ. If a = 0, X > 0. It shows that if 
α = 0 then α1, α2 and α3 become positive, and in addition if q = 0 
then Δ 2 as well as all the Hurwitz determinants become positive. 
It shows that for small q and a there is a stable E» of model (2.1). 
This is demonstrated in Fig. 3 in the numerical simulation section.
Theorem 4.5. The positive equilibrium E» is locally stable, at least, 
for some small q and a.
The stability analysis of the equilibria of the model is now com­
plete. This analysis provides us with key parameters that domi­
nate the dynamics of the model solution. In the stability condi­
tions, for different equilibria formulated in Theorems (4.1)-(4.5), 
we have identified a number of thresholds. These thresholds de­
termine when the disease conditions could alter from one state to 
other. The thresholds also reflect the sensitivity of the parameters. 
The analytical results will guide us to explore quantitative analysis 
given in the following section.
5. Numerical simulation
The analytical results indicate that 4 out of 5 possible equilib­
ria of the model (2.1) could become stable under certain condi­
tions that solely depend on the model parameters. The only equi­
librium that is always unstable regardless of the parameter choice 
(Theorem 4.1) is E0. In this section, we simulate the model to con­
firm the analytic results and demonstrate the significance of the 
parameters toward the application of our model for characterizing 
the potential for human infections.
5.1. Parameter selection
Model (2.1) has several parameters, some of which can be 
found in the literature (Augustin et al., 2005; Lecuit, 2001; Rah­
man et al., 2016), but the rest can only be estimated within cer­
tain biological ranges. Augustine et al. reviewed extensive growth 
model of L. monocytogenes in multiple media, cheese, meat prod­
ucts, seafood, microbiological media, liquid dairy product, and 
found the average growth rate of 0.863 ± 0.43 h-1, varying from 
0.24-1.20 (Augustin et al., 2005). The carrying capacity Ki or 
Kp is the maximum bacterial load expected for the host’s small 
intestine and lamnia propria, respectively. Animal experiments 
found that L. monocytogenes can grow up to 3.8 x 106 CFU in 
the small intestine, lever, spleen and messenteric lymph node of 
guinea pigs (Lecuit, 2001). Since human organs are 10 to 100 
fold larger than the model animals, we consider the mean carry­
ing capacity of L. monocytogenes in human organs to be 1 x 108 
CFU. The saturation factor a is sensitive to initial population size 
and could vary 10-3-10-10 (Rahman et al., 2016), we consider 
the mean of a is 10 -7 CFU-1. The killing parameter - associ­
ated with bacterial death in the small intestine could vary from 
0.03-1.58 (Banfi et al., 1986), we consider - = 0. 2 h-1 and carry 
out a bifurcation analysis to observe the significance of - on 
the model outcomes. The T-cell death usually occurs after in­
fection is over (Crispe, 1999). Following Gorman et al. (2014), 
Seaman et al. (2000) and Stafford et al. (2000), we deduce that 
the death rate of T-cells is μ = 0. 01 h-1.
Since the model parameters (Table 2) are from multiple sources 
that involve uncertainty, we carry out the bifurcation analysis to 
demonstrate the impact of differences of the parameter values 
on the model outcomes. Evidences in outbreak data (CDC, 2018; 
FAO/WHO, 2004; on Immunization (NACI), 2013) demonstrate that 
certain groups of people are highly susceptible to L. monocytogenes. 
e.g. pregnant women, elderly people and individuals with a weak 
immune system. These suggest that the parameters associated with 
immune response are important for Listeriosis and worth further 
exploration. To demonstrate the significance of immune response 
with regards to L. monocytogenes infection, initially, we keep all the 
parameters at their base value and vary q, the proliferation rate of 
the T-cells.
5.2. Model simulation for long term behaviour
With a weak immune response ( q = 10-11) the model demon­
strates that the L. monocytogenes can survive both in the small in­
testine and in the lamina propria and reach the steady state as de­
picted in Fig. 2. Note that the T-cell population does not grow or 
increase in the presence of pathogens because of the low prolifer­
ation rate. This could be regarded as a critically immuno-deficient 
case.
By increasing q by an order of 10, the model indicates that im­
mune cells proliferate and remain present to fight the pathogen. 
The T-cells could not eliminate the pathogens, but could reduce the 
pathogen load to a degree. The T-cell population and pathogens at 
both locations reach the steady state in a few days as shown in 
Fig. 3.
We increase the value of q further, by an order of 10, to 10-9 . 
In this case, the T-cell population can eliminate the pathogen from 
the small intestine. That is, Li goes to zero as time increases. How­
ever, the pathogen in the lamina propria ( Lp ) still survives at a low 
level. The T-cells and L- reach the steady state over time. Before 
being eliminated the L. monocytogenes population in the small in­
testine, Li , goes up until the T-cell population becomes large and 
dominates the bacteria, which can be seen in the 3D simulation 
(refer to Fig. 4).
By increasing q to the order of 10-6 we find that L- oscil­
lates with T-cell population, but, does not follow a limit cycle as 
Theorem 4.3 rules out the possibility of Hopf bifurcation. It is 
worth noting that the two of the eigenvalues of the Jacobian at 
the equilibrium E-T are always negative- no complex eigenvalues 
are associated with it. The state variables converge to the steady 
state very slowly as shown in Fig. 5.
In order to demonstrate the case when the equilibrium E- is 
stable, we reduce q to 10-11 so that the T-cells are less active and 
we increase -, the innate immune pressure, to eliminate Li , the 
pathogen in the small intestine. With this choice of parameters, 
L- survives and approaches the steady state while Li and T die out 
as can be seen in Fig. 6. This case seems to be unrealistic as T-cells 
should proliferate in the presence of pathogens.
5.3. Bifurcation analysis
In the previous subsection, we demonstrated how the T-cell 
proliferation rate q can alter the disease dynamics. Now, we con­
sider key parameters for the bifurcation analysis and observe how
Fig. 2. Stability of E;. Both Li and Lp survive. Time series of Li, Lp (left), T (middle) and the state variables in 3D (right) with the initial value, green dot. Parameters: 
ri = 0.863 ; rp = ri ; Ki = 108 ; Kp = 108 ; μ = 0.01; βτ = 0.001; q = 10-11 ; a = 10—7 ; m = 0.20 ; C = 0.10. (For interpretation of the references to colour in this figure legend, the 
reader is referred to the web version of this article.)
Fig. 3. Stability of E* . Both Li and Lp survive along with T-cell population. Time series of Li, Lp (left) and T (middle) and the state variables in 3D (right) with the initial value, 
green dot. Parameters: r; = 0.863; r p = ri ; Ki = 108 ; Kp = 108 ; μ = 0.01; βτ = 0.001; q = 10—10 ; a = 10—7 ; m = 0.20 ; C = 0. 1 0. (For interpretation of the references to colour in 
this figure legend, the reader is referred to the web version of this article.)
Fig. 4. Stability of Et Li could not survive; Lp survives along with T-cells. Time series of Li, Lp (left), T (middle) and state variables in 3D (right) with the initial value, green 
dot. Parameters: μ = 0.863 ; rp. = r ; Ki = 108 ; Kp = 108 ; μ = 0.01; βτ = 0. 001; q = 10—9 ; a = 10—7 ; m = 0.20 ; C = 0. 10. (For interpretation of the references to colour in this figure 
legend, the reader is referred to the web version of this article.)
Fig. 5. Stability of E;·. Li does not survive; Lp and T oscillate for long time before settling down to the equilibrium. Time series of Li, Lp (left) and T (middle) and the state 
variables in 3D (right) with the initial value, green dot. Parameters: r = 0.863; r p = r ; Ki = 108 ; Kp = 108 ; μ = 0.01; βτ = 0.001; q = 10—6 ; a = 10-7 ; m = 0.20 ; C = 0.10. (For 
interpretation of the references to colour in this figure legend, the reader is referred to the web version of this article.)
Table 2
The baseline values of the model parameters.
Parameter Description Baseline value Range References
ri , rp growth rate 0.863 h-1 [0.24,1.38] Augustin et al. (2005)
Ki , Kp carrying capacity 108 CFU [105, 1011 ] Lecuit (2001)
β T killing rate 10-3 h-1 [10-6 , 100 ] this study
α saturating factor 10-7 CFU-1 [10-10 , 10 -4 ] this study
C gastric pressure 0.10 CFU -1 [0,1.0] this study
q T-cell proliferation rate 10-3 h-1CFU-1 [10-10 , 100 ] this study
m mobility rate 0.20 CFU-1 [0,1.0] this study
μ death rate of T-cell 0.01 h-1 [10-4 , 100 ] Gorman et al. (2014)
Fig. 6. Stability of EP. Only Lp survives. Time series of Li, Lp (left) and T (middle) and the state variables in 3D (right) with the initial value, green dot. Parameters: rP = 
0.863 ; rP = riμ Ki = 108 ; KP = 108 μ μ = 0.01; βτ = 0.001; q = 10-11 α α = 10—7 ; m = 0.20 ; C = 1.0. (For interpretation of the references to colour in this figure legend, the reader 
is referred to the web version of this article.)
the dynamics of the model evolve through the variation of these 
parameters. The parameter C, regarding the innate immune cells 
and intestinal molecules, has a significant effect on the survival of 
L. monocytogenes as described by the model analysis and by the 
earlier model in Rahman et al. (2016). To observe the effect of C 
on the existence and stability of EP, we generate a bifurcation dia­
gram in Fig. 7 . Initially, a single positive equilibrium exists which is 
stable. As C increases and reaches a critical value, another equilib­
rium emerges which destabilizes both equilibria. Mathematically, 
this means that system trajectories will approach one of the re­
maining stable equilibria. In particular, this indicates that for larger 
values of C, the L. monocytogenes population in the small intestine 
cannot persist.
Next, we consider the growth parameter ri . Fig. 8 shows a 
somewhat opposite trend than the bifurcation associated with C. 
When ri crosses through a critical value, 0.55, both equilibria ap­
pear one of which is stable. As ri increases further, the unstable 
equilibria disappears while the stable equilibrium continues to ex­
ist. Note that as the Li population increases through ri, the Lp pop­
ulation decreases as can be seen in Fig. 9 and from the Eq. (3.5).
6. Discussion
L. monocytogenes is an acute problem for the food industry as 
well as for public health. Understanding the key infection mecha­
nisms of this pathogen is crucial for correctly prioritizing preven­
tion tools to reduce the infection burden. A biologically informed 
within host model with a small number of parameters, varying in 
plausible ranges, can help to visualize the wide spectrum of the 
pathogenesis in the absence of extensive scientific experiments. 
This information is useful for designing scientific experiments and 
testing hypotheses.
We developed a novel mathematical model (Rahman et al., 
2016) in order to demonstrate the dose-response relationship 
of L. monocytogenes with mechanistic approach. The model 
(Rahman et al., 2016) describes the pathogen host interaction in 
the initial pathway, mouth to small intestine, of L. monocytogenes 
to demonstrate the potential of the pathogen for causing an infec­
tion. This paper extends the model in Rahman et al. (2016) to de­
scribe the complete pathway of L. monocytogenes with-in the host. 
The current model (2.1) highlights the immune response of the 
host, failure of which can cause multiple organ infection leading 
to Listeriosis (Cossart and Toledo-Arana, 2008).
Fig. 7. Bifurcation of existence and stability of E. with respect to C. Initially, a sin­
gle equilibrium exists and is stable. As C increases and reaches a critical value, 
another equilibrium emerges which destabilize both equilibria. In the later case, 
when both positive equilibria become unstable, the trajectories will approach one of 
the remaining stable equilibria. Other parameters: ri = 0 .863 ; rp = ri; Ki = 108 ; Kp = 
108 μ μ = 0.01; βτ = 0.001; q = 10-10 ; α = 10-7 ; m = 0.20.
The results from the model analysis provide thresholds that 
depend on model parameters. These thresholds determine the 
existence of infection ‘states’, indicating under which parameter 
regimes the dynamics of the infection will switch from one state to 
other. By the existence of ‘state’ we mean whether Li (the L. mono­
cytogenes population in the small intestine) or Lp (the L. mono­
cytogenes population in the lamina propria) or both can survive 
long term. Steady state analysis gives the long term behaviour of 
the model solutions, indicating the trajectories of the state vari­
ables. More precisely, it can demonstrate whether a state variable 
(pathogen) will be eliminated from or remain in the host. It also 
provides the information regarding the possible pathogen load, if 
Fig. 8. Bifurcation of existence and stability of E. with respect to ri. When r 
crosses through a critical point, 0.55, both equilibria appear one of which is sta­
ble. As ri increases further, the unstable equilibria disappears while the stable 
equilibrium continue to exist. Other parameters: rP = 0.53 ; K = 108 ; Kp = 108 μ μ = 
0.01; βτ = 0.001 ; q = 10-10 μ α = 10-7 μ m = 0.002 ; C = 0.83.
it survives. Such information is important for establishing correla­
tions between symptoms of the infected host and infection states.
We identify the ranges of key parameters, through bifurcation 
analysis, for which L. monocytogenes can be sustained at high or 
low levels in the host or could be eliminated from the host. As 
shown in Fig. 7, as the parameter C increases, the positive equi­
librium E» ceases to exist. On the other hand, the positive equi­
librium E» appears when the growth rate ri increases to a certain 
threshold (Fig. 8). The increase of ri helps increase the Li at a larger 
scale. This behaviour is well justified. As C increases, the L i popu-
Fig. 9. L. monocytogenes and T-cell population at the equilibrium as ri changes over the range as shown in  T-cell population is shown in the right, separately, which 
is not visible in the left figure due to scaling. Other parameters: rp = 0.53 ; Ki = 108 ; Kp = 108 μ μ = 0.01 ; βτ = 0.001; q = 10-10 μ α = 10-7 ; m = 0.002 ; C = 0.83.
 Fig. 8.
Fig. 10. A schematic illustration in the case of a strong immune response. Pathogen can be eliminated without showing symptoms. A hypothetical horizontal line (left) 
indicates the critical pathogen level below which the pathogen does not cause infection or show symptoms. Time series of Li , Lp (left) with symptom threshold, T (middle) and 
the state variables in 3D (right) with the initial value, green dot. Parameters: ri = 0 .863 ; rp = ri; Ki = 100 ; Kp = 108 ; μ = 0 .01; βτ = 0.01; q = 10-4 ; α = 10-7 ; m = 0.20 ; C = .10.
(For interpretation of the references to colour in this figure legend, the reader is referred to the web version of this article.)
lation in the small intestine cannot be sustained. Similarly, when 
the growth rate increases it helps to sustain the pathogen in both 
locations: small intestine and lamina propria.
The most important application of this model is to identify the 
pathogen-host interaction and to quantify the immune response of 
the host against pathogens. The adaptive immune system equipped 
with T-cells responds to any sustained infection that cannot be 
eliminated by the innate immune system. The strength of the im­
mune response is related to how rapidly a pathogen specific T-cell 
is generated by the host. This is measured by the parameter q. A 
small value of q, related to immuno-compromised individuals, may 
not limit the pathogen load within the tolerance level which in 
turn could lead to a severe infection or death. Figs. 2-5 demon­
strate the significance of q in order to control L. monocytogenes in 
a host. The pathogen can survive in both locations of a host with a 
very weak immune system (Fig. 2). With a larger q, the pathogen 
can be eliminated from the host or limited to a low level.
6.1. Application of the model to public health
The model can be applied to identify the growth potential of L. 
monocytogenes in a host and the immune response of the host rel­
ative to the pathogen presence. In particular, the model can be uti­
lized as a tool to identify the time period from exposure to disease 
onset by connecting pathogen levels to disease symptoms. The L. 
monocytogenes specific T-cells could also be a good indicator for 
disease onset. Informed by specific experiments, our model can 
provide a means to estimate the correlation among T-cell levels, 
the pathogen load and clinical symptoms. Such information would 
be invaluable for advancing clinical effectiveness on the individual 
level and risk analysis at the population scale.
The model can also be used to explain how the pathogen can 
survive in a host for a long time without showing symptoms as de­
picted in Fig. 10. If the pathogen load remains below a threshold, 
the immune system may tolerate the pathogens and allow them to 
survive for a longer period in an asymptomatic state. Due to the 
assumption of constant death rate of T-cells, model allows for the 
possibility that pathogen levels oscillate with the T-cell population 
as shown in the Fig. 10 . However, this is an artifact of the model 
as the T-cells population would not go down to zero necessarily 
(Lecuit, 2001; Pamer, 2004). In fact, not all T-cells die out, some 
memory T-cells remain in the immune system to fight any recur­
rent infections (Pamer, 2004). For simplicity, we do not consider 
memory cells in the model rather we focus on demonstrating the 
key infection events in the pathogen-host interaction.
6.2. Future directions
Despite the illustration of potential use of model (2.1) for un­
derstanding the with-in host infection of L. monocytogenes, our 
formulation has some limitations. The role of the innate immune 
cells on the dynamics (e.g. pathogen levels) is not included in the 
model under the assumption that such an effect is negligible as 
compared to T-cell responses. Mathematically speaking, this is re­
flected in the fact that we hold C constant in model (2.1), whereas 
T is able to grow in time. However, to eliminate the pathogens 
from the host the role of innate immune cell could be important 
(Carrero and Unanue, 2007), particularly, when the pathogen level 
remains low. The memory cells of the adaptive immunity origi­
nated from the earlier infections could also play a significant role 
(Finelli et al., 1999; Pamer, 2004; Seaman et al., 2000) to prevent 
the current infection. Model (2.1) could be adapted to include the 
dynamics of memory cells.
Our model also operates under the assumption that death rate 
of T-cells is linear. However, the activated T-cells may not start dy­
ing (apoptosis) until they receive signals from specific death recep­
tors, typically occurring when the majority of the infection is over 
(Crispe, 1999; Seaman et al., 2000). The function of death receptors 
and the cell-cycle mechanism, when incorporated in the model, 
could provide a subtle but crucial result to explain why individ­
uals at either end of the age spectrum succumb to infections more 
easily. In terms of the model (2.1), μ (death rate of T-cells) should 
be an appropriate function of time. Furthermore, L. monocytogenes 
may not start replicating in the host right away, rather may re­
main in a dormant state for a long time without causing infection. 
In fact, evidence shows that up to 10% healthy humans could be 
intestinal carriers of L. monocytogenes (Henning and Cutter, 2001). 
Inclusion of the delay on the growth function of L. monocytogenes 
may reveal some interesting and complex dynamics. Future work 
may include the role of stochastic effects which, for oscillatory 
behaviour, eventually will lead to extinction of bacteria from the 
host. One may be interested to study the possibility of pattern for­
mation by the bacteria in a spatially extended system (Gray and 
Scott, 1984).
6.3. Final notes
We developed and studied a with-in host dynamic model for L. 
monocytogenes. The model could be easily generalized to any bac­
terial infection with minor modifications. Like any other models, 
the applicability of our model depends on further testing with sci­
entific data.
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